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Abstract 

We define the concept of weak pseudotwistor for an algebra {A, in a monoidal category 
C, as a morphism T ■. A® A ^ A® A'm C^ satisfying some axioms ensuring that {A, /r o T) is 
also an algebra in C. This concept generalizes the previous proposal called pseudotwistor and 
covers a number of exemples of twisted algebras that cannot be covered by pseudotwistors, 
mainly examples provided by Rota-Baxter operators and some of their relatives (such as 
Leroux’s TD-operators and Reynolds operators). By using weak pseudotwistors, we intro¬ 
duce an equivalence relation (called ’’twist equivalence”) for algebras in a given monoidal 
category. 


1 Introduction 

The concept of pseudotwistor (with a particular case called twistor) was introduced in [19] 
as a general device for twisting (or deforming) the multiplication of an algebra in a monoidal 
category, obtaining thus a new algebra structure on the same object (informally, we call ’’twisted 
algebra” an algebra that can be obtained by deforming the multiplication of a given algebra, 
maybe with the help of some data on the initial algebra). Namely, if A is an algebra with 
multiplication ^ : A A ^ A m. a monoidal category C, a pseudotwistor for A is a morphism 
T ■. A® A ^ A® Am. such that there exist two morphisms fi,T 2 ■ A®)A®)A^A®A®A 
in C, called the companions of T, satisfying some axioms ensuring that (A, /r o T) is also an 
algebra in C. There are many classes of examples of such pseudotwistors. The one that was 
the starting point of m is provided by a twisted tensor product of algebras A B (as in 
0, m), which is a twisting by a twistor of the ordinary tensor product of algebras A® B. 
Another class of examples is provided by braidings: if c is a braiding on a monoidal category C, 
then ^ is a pseudotwistor for every algebra A in C. The so-called Fedosov product provides 
another class of examples. Finally, if 77 is a bialgebra and a : H ® H ^ k \s a normalized 
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and convolution invertible left 2-cocycle, one can consider the twisted algebra which is the 
associative algebra structure on H with multiplication a*b = cr(ai, 61)0262; for all a,b € H; it 
turns out that this multiplication is afforded by the pseudotwistor 

T : H ® H ^ H ® H, T{a (g) 6) = cj(ai, 61)02 (g) 62, V o, 6 G H. ( 1 - 1 ) 

An indication that a more general concept than pseudotwistors might exist is already implicit 
in two of the examples given above. For a twisted algebra of the type the multiplication * 
is associative even if a is not convolution invertible, but the map T given by is no longer 
a pseudotwistor in this case. Also, if c is only a pre-braiding on a monoidal category C (i.e. 
we do not assume the invertibility of the morphisms C--) and (A,/r) is an algebra in C, then 
(A, o c\ is still an algebra in the category but c\ ^ is no longer a pseudotwistor. 

However, we were led to a generalization of pseudotwistors by looking at another class of 
examples of twisted algebras, provided by Rota-Baxter operators. If (A, //) is an associative 
algebra over a field fc, with notation /x(a (g) 6) = ab, for a,b £ A, and A G A; is a fixed element, 
a linear map R : A —)■ A is called a Rota-Baxter operator of weight A if it satisfies the relation 
R{a)R{b) = R{R{a)b+aR{b) + Xab), for all a,b G A. It is well-known that the new multiplication 

on A defined by a 6 = R{a)b + aR{b) + Xab is associative. Also, it is by now well-known 
that Rota-Baxter operators represent a part of the algebraic component of the Connes-Kreimer 
approach to renormalization (see and references therein). If we define the linear map 

T : Aig)A—^-A^A, T{a®b) = R{a) (g) 6 -|- a (g) R{b) -|- Aa (g) 6, for all a,b £ A, then the associative 
multiplication rnay be written as *x = ^oT, but T is far from being a pseudotwistor. 

Motivated by all these examples, we introduce the following concept. Assume that (A, /r) is 
an algebra in a monoidal category C, T :A(g)A—7>A(g)A and T :A(g)A(g)A—>'A(g)A(g)A are 
morphisms in C such that: 

T o (idA (// o T)) = {idA <g) ^) o T, 

T o ((^ o T) (g) idA) = ip® idA) ° T. 

Then (A, o T) is also an algebra in C, denoted by A^; the morphism T is called a weak 
pseudotwistor for A and the morphism T is called the weak companion of T. It turns out 
that all the above-mentioned examples of deformed associative multiplications are afforded by 
weak pseudotwistors, and we provide as well some other examples, coming especially from Rota- 
Baxter type operators (Reynolds operators, Leroux’s TD-operators etc). We present also some 
general properties of weak pseudotwistors. 

A new class of weak pseudotwistors, coming from so-called Rota-Baxter systems, may be 
found in the recent paper [ 5 ]. In fact, as noted by the referee, some of the operators presented 
in Section [ 3 ] of our paper (including the TD-operators) are examples of Rota-Baxter systems, 
which gives an alternative way of proving that they yield weak pseudotwistors. 

In the last section we use weak pseudotwistors in order to introduce an equivalence relation 
for algebras in a monoidal category C: if A and B are two such algebras, we say that A and 
B are twist equivalent (and write A =t B) if there exists an invertible weak pseudotwistor T 
for A, with invertible weak companion T, such that A^ and B are isomorphic as algebras. For 
example, if A B is a twisted tensor product of algebras with bijective twisting map R, then 
A®rB =t A® B. 

Unless otherwise specified, the (co)algebras that will appear in this paper are not supposed 
to be (co)unital; if A is an associative algebra over a field k we usually denote the multiplication 
of A by /r ; A (g) A —A, /x(a ®b) = ab, for all a,b £ A. For the composition of two morphisms / 
and g we write either g o f or simply gf. For unexplained terminology we refer to m- 
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2 Weak pseudotwistors 

We recall the concept of pseudotwistor introduced in [ 19 ] (the version for nonunital algebras). 


Definition 2.1 Let (C,0) be a strict monoidal category, A an algebra in C with multiplication 
pL A® A ^ A and T : A® A ^ A® A a morphism in C. Assume that there exist two morphisms 
Ti,T2 :A®A®A^A®A®A in C such that: 

T o {id A ® p) = ® p) o Ti o {T ® id a), 

T o (/r 0 Ma) = {pi^ idA) o T 2 o {idA ® T), 

Ti o (r 0 idA) o {idA 0 T) = T 2 o {idA 0 T) o (T 0 idA)- 

Then {A, poT) is also an algebra in C, denoted by . The morphism T is called a pseudotwistor 
and the two morphisms Ti, T2 are called the companions ofT. 

We recall from [ 20 ] the categorical analogue of the concept of ii-matrix introduced in m, 0 
(also the version for nonunital algebras). 

Proposition 2.2 Let {C, 0) be a strict monoidal category, A an algebra in C with multiplication 
p : A® A ^ A and T : A® A ^ A® A a morphism in C. Assume that there exist two morphisms 
Ti,T 2 A®A®A^A®A®A in C such that: 

T o {idA ® p) = {idA 0 /.t) o (T 0 idA) °Ti, 

T o (^ 0 idA) = {p® idA) ° {idA 0 T) o T 2 , 

(T 0 idA) o Ti o {idA 0 T) = {idA 0 T) o T 2 o (T 0 idA)- 

Then {A, poT) is also an algebra in C, denoted by - The morphism T is called an R-matrix 
and the two morphisms Ti, T2 are called the companions ofT. 

We introduce now a common generalization of these two concepts. 

Theorem 2.3 Let {C, 0) be a strict monoidal category, A an algebra in C with multiplication 
p ■. A® A ^ A and T : A® A ^ A® A a morphism in C- Assume that there exists a morphism 
T ■. Ad^A®A^A®A®A in C such that: 


T o {idA ^ {po T)) = {idA 'S> p) oT, ( 2 . 1 ) 

T o {{p o r) 0 idA) = {p® idA) o T- (2.2) 

Then {A, p o T) is also an algebra in C, denoted by A^. The morphism T is called a weak 
pseudotwistor and the morphism T is called the weak companion ofT. 

Proof- We compute: 


{poT) o {{p o T) 0 idA) 




poT o {{p o T) 0 idA) 

/r o (/i 0 idA) o T 
p o {idA ® p) oT 

{poT)o {idA {po T)), 


finishing the proof. 


□ 
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Remark 2.4 If T is a pseudotwistor with companions Ti, T2 on an algebra A, then T is also a 
weak pseudotwistor, with weak companion T = Tio{T®idA)°{idA®T) = T2o{idA®T)o{T®idA)■ 
Conversely, an invertible weak pseudotwistor T with weak companion T on an algebra A is a 
pseudotwistor, with companions Ti = T o {id a ® T~^) o (T“^ (g) idA) and T2 = T o {T~^ (g) idA) o 
{idA <g) T~^). 

IfT is an R-matrix with companions Ti, T2 on an algebra A, then T is a weak pseudotwistor, 
with weak companion T = {T ® idA) o Ti o {idA (g) T) = {idA ®T) 0T20 {T ® idA)- 

Conversely, an invertible weak pseudotwistor T with weak companion T on an algebra A is 
an R-matrix, with companions Ti = {T~^ (g) o To {idA ® T~^) and T2 = {idA ® T~^) o To 
(T“^ (g) Ua)- 

Example 2.5 Let A be an associative unital algebra with unit 1 a over a field k. In m the 
following linear map was considered: 

T ■. A ® A ^ A ® A, T{a ®b) = lA®CLb, y a,b ^ A. 

The associativity of the multiplication of A is equivalent to the fact that this map T is a Yang- 
Baxter operator, cf. m- 

One can check, by a direct computation, that T is a pseudotwistor (in particular, a weak 
pseudotwistor) with companions T = idA ® T and T2{a ® b ® c) = (g) 1^4 (g) abc, for all 

a,b,c ^ A, and obviously = A. 

Remark 2.6 It is possible to have an associative algebra A over a field k, a linear map T : 
A® A ^ A® A that is not a weak pseudotwistor but such that fioT is associative. Indeed, for a 
given associative algebra A, the linear map T : A® A ^ A® A, T{a®b) = b®a, for all a,b € A, 
has the property that fj,oT is associative (of course, it is just the multiplication of A°p) but, in 
general, T is not a weak pseudotwistor (although it may be, for some particular algebras A). We 
give a concrete example of an associative algebra A for which T is not a weak pseudotwistor. 
We take A to be a 2 -dimensional associative algebra over a field k with a linear basis {x, y} with 
multiplication table x-x = x- y = y- x = y- y = x. We claim that there exists no linear map 
T : A®A®A ^ A®A®A such thatTo{idA®{poT)){y®x®x) = {idA®li)oT{y®x®x). Suppose 
that .such a map exists. We have To {idA ® {p,oT)){y®x®x) = x®y. If we write T{y®x®x) = 
aix®x®x+a2X®x®y+a'iX®y®x+a/^x®y®y-\-a^y®x®x-\-a^y®x®y-\-a'jy®y®x-\-a%y®y®y, with 
ai, ...,08 G k, then we have {idA®L)°'T{y®x®x) = {ai-\-a 2 +a'i-\-afi)x®x-\-{a^-\-a^+aT-\-afi)y®x, 
and this element cannot be equal to x ®y. 

Let (C, (g)) be a strict monoidal category and Tjv,y : X ®Y X ®Y a family of natural 
morphisms in C such that, for all X,Y,Z G C, we have: 

Tx<^y,z o {Tx,y ® idz) = Txx®z ° {idx ® 7 V,z). ( 2 . 3 ) 

It was proved in m that if for all X,Y £ C the morphism Txy is an isomorphism, then, for 
every algebra {A, y) in C, the morphism Ta,a :^(g)vl^^(g)vlisa pseudotwistor. If we do not 
assume the invertibility of the morphisms Tv,y, then Ta,a is no longer a pseudotwistor. 

Proposition 2.7 Ta,a is a weak pseudotwistor. 

Proof. The identity (| 2 . 3 p lor X = Y = Z = A becomes Ta^a,a o {Ta,a ® idA) = Ta,a®a ° {idA ® 
Ta,a)', we denote by T this morphism from A® A® A to A® A® A. The naturality of T implies 
that Ta^a o {idA ® p) = {idA ® p) o Ta,A(S)A and Ta,a o {p® idA) = {p® idA) ° Ta(S)A,a, hence: 

Ta,a o {idA ®{po Ta,a)) = {idA ® p) o Ta,a®a o {idA ® Ta,a) = {idA ® p)oT, 
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Ta,a o ((/^ o Ta,a) ® idA) = (Ai ® idA) o Ta®a,a ° {Ta,a ® idA) = (// <2) idA) o T, 

proving that Ta,a is a weak pseudotwistor with weak companion T. □ 

Definition 2.8 (J^, Let (C,(8>) be a strict monoidal category and {A,g,A), {B^yLs) two 

algebras in C. A twisting map between A and B is a morphism R:B®A^A®B in C 

satisfying the conditions: 

R o [ids ® t^A) = ihA ® ids) o {idA ^ R) o {R^ idA), (2.4) 

R o ihB ® idA) = {idA ® A^s) o (i? (g) ids) o {ids 0 R)- (2.5) 

The next result generalizes |19] . Theorem 6.6 (hi). 

Proposition 2.9 Let {C,0) be a strict monoidal category and {A,fj,) an algebra inC. Assume 


that Q,P: A0A^A0A are two twisting maps between A and itself, such that: 

{P 0 idA) o {idA 0 P) o {P 0 idA) = {idA 0 P) o {P 0 idA) ° {idA 0 P), (2.6) 

{Q 0 idA) o {idA 0Q) o {Q 0 idA) = {idA 0 Q) o {Q 0 idA) o {idA 0 Q), (2.7) 

{P 0 idA) ° {idA 0 P) o {Q 0 idA) = {idA 0 Q) o {P 0 idA) ° {idA 0 P), (2.8) 

{Q 0 idA) ° {idA 0 P) o {P 0 idA) = {idA 0 P) o {P 0 idA) ° {idA 0 Q)- (2.9) 

Then T := Q o P : A 0 A ^ A 0 A is a weak pseudotwistor. 

Proof. Because of ()2.6p and (12.7p . we have the following equality: 

{Q 0 idA) o {idA 0 Q) o {Q 0 idA) ° {idA 0 P) o {P 0 Ma) o {Ma 0 P) 


= {idA 0 Q) o {Q 0 idA) ° {idA 0 Q) o {P 0 idA) ° {idA 0 P) o {P 0 idA). 
This morphism from ^(2)A(g)ylto^(8)A(8>yl will be denoted by T. Now we compute: 


T o {idA 0 {fJ-o T)) 


= Q o P o {idA 0 L^) o {idA 0 Q) o {idA 0 P) 

Q o {ij,0 idA) o {idA 0 P) o {P 0 idA) o {idA 0 Q) o {idA 0 P) 

|2^ 

= Q o {fj,0 idA) o {Q 0 idA) o {idA 0 P) o {P 0 Ma) o {idA 0 P) 

= {idA 0 l) ° {Q 0 idA) ° {idA 0 Q) o {Q 0 idA) ° {idA 0 P) 
o{P 0 idA) ° {idA 0 P) 

= {idA 0 A^) o T, 


T o ((at oT) 0 idA) = Q o P o {fj,0 idA) o {Q 0 idA) o {P 0 idA) 

Q o {idA 0 fa) o {P 0 idA) ° {idA 0 P) o {Q 0 idA) o {P 0 idA) 

Q o {idA 0 fJ-) o {idA 0 Q) o {P 0 idA) ° {idA 0 P) o {P 0 idA) 

{p, 0 idA) ° {idA 0 Q) o {Q 0 idA) ° {idA 0 Q) o {P 0 idA) 

o{idA 0 P) o {P 0 idA) 

= {fj.0 idA) o T, 

so T is a weak pseudotwistor with weak companion T. □ 
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Corollary 2.10 Let {Cr^ (S*) be Qj stvict Tnofioiddl cateQovy dfid X X —y Y X d pve- 

bvdiding on C (thdt is c sdtisfies dll the dxioms of d bvdiding ds in except for the fact that 
we do not require cx,y to be invertible). Let {A, fj.) be an algebra inC. Then = ca,a°ca,a ■ 
is a weak pseudotwistor. 

Proof. It is either a consequence of Proposition 12.71 by noting that the family of natural mor- 
phisms Txy := cy,x ° cx,y satisfies ( 12 . 30 . or a consequence of Proposition 12.91 applied to the 
twisting maps Q = P = ca,a- D 

Example 2.11 Let H he a bialgebra over a field k, with multiplication p. : H ^ H ^ H, 
fi{h (g) h') = hh', for h, h' G H, and comultiplication /S. : H ^ H ® H, for which we use a 
Sweedler-type notation A(/i) = hi ® h2, for h & H. Let a : H ® H ^ k be a left 2 -eoeyele, 
that is we have a{ai,bi)a{a2b2, c) = cr(6i, ci)cr(a, 62C2), for all a,b,c& H. It is well-known that, 
if we define a new multiplication on H, by a * b = cr(ai, 61)0262, for all a,b £ H, then this 
multiplication is associative and the new algebra structure on H is denoted by . 

Define the linear map T : H ® H ^ H ® H, T{a g) 6) = cr(ai, 61)02 g 62, for all a,b G H. 
It was proved in m that, if H is unital and counital and a is convolution invertible with 
inverse 0“^, then T is a pseudotwistor, with companions T’i,T2 '. H ® H ® H H ® H ® H, 
Ti(og6gc) = (T“^(ai, 61)0(02, 6201)03^63002 and T2{a^b®c) = o“^(6i, 01)0(0162,02)02063003. 

If a is not convolution invertible, T is no longer a pseudotwistor. However, T is a weak pseu¬ 
dotwistor, with weak companionT : H®H®H —)• T{a®b®c) = 0(61,01)0(01,6202)020 

b'i® c^ = o(oi, 61)0(0262, 01)03 0 63 0 02, for all a,b,c £ H, as one can easily check. 

There exist ’’mirror versions” of these facts. Namely, letT-.H®H^k be a right 2 -cocycle, 
i.e. T satisfies the condition 0(0161,0)0(02,62) = 0(0,6101)0(62,02), for all a,b,c £ H. If we 
define a new multiplication on H by a*b = 01610(02, 62), for all a,b £ H, then this multiplication 
is associative and the new algebra structure is denoted by Hr. This multiplication is afforded by 
the weak pseudotwistor D : H®H —>■ H®H, D{a®b) = 010610(02,62), whose weak companion 
is the linear map T>-. H®H®H^H®H®H, T>{a i^bi^c) = oi 0 61 0 010(02, 6202)0(63, 03) = 
oi 0 61 0 010(0262, 02)0(03, 63). 

Example 2.12 Let A be an associative algebra with unit 1 over a field k and \, 6 ,v £ k some 
fixed scalars. In m the following linear map was considered: 

T ■. A ® A ^ A ® A, T{a 0 6) = Xab 0 1 + 01 0 06 — i^o 0 6 , y a,b £ A. 

Then one can easily check that T is a weak pseudotwistor with weak companion T : A® A® A ^ 
A® A® A, T(o060c) = (A + 0 — v){\abc® 101 +01 010 abc — va®h®c), for all a,b,c £ A. 

Proposition 2.13 Let (A, p,) be an associative algebra. We regard A® A as an A-bimodule in 
the usual way: a ■ {b ® c) ■ d = ab ® cd, for all o, b,c,d £ A. Let S : A ^ A® A be a linear map, 
with Sweedler-type notation 6 {a) = oi 0O2, that is a morphism of A-bimodules, i.e. 

d{ab) = 061 0 62, (2-10) 

6(06) = oi 0 026, (2-11) 

for all a,b £ A. Define the linear map T : A® A ^ A® A, T{a®b) = bia®b2. ThenT satisfies 
the following relations (with standard notation for T12, T13, T2's): 

T o {idA® h) = {id A® t) °Ti2, ( 2 - 12 ) 
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T o 0 = (//0 o Tis, ( 2 . 13 ) 

^12 o r 23 = Tia o ri2. ( 2 - 14 ) 

Consequently, T is a weak pseudotwistor with weak companion T = T12 o T23 = T13 o T12, and 
the new multiplication on A defined by a*b = biab2 is associative. 

Proof. We compute: 

T[a®bc) = (6c)ia 0(60)2 

610 0 62c = ((idyl 0 ;u) o Ti2)(a 0 6 0 c), 

T{ab 0 c) = ciob 0 C2 = ((// 0 idyi) o ri3)(a0 60c), 


(Ti2 o T 23 ){a 0 6 0c) 


= Ti2(a 0 C16 0 C2) 

= (ci6)ia 0 (ci6)2 0 C2 

= ci6ia0 62 0C2 

= ri3(6ia 0 62 0 c) 

= (Tis o ri2)(a 0 6 0 c), 


finishing the proof. □ 

Remark 2.14 The definition of the multiplication * in Provosition \ 2 .Pf\ is inspired by the result 
of Aguiar from m, showing that if (A,p,,A) is an infinitesimal bialgebra (i.e. A : A ^ A® A 
is a coassociative derivation) then the new product on A defined by a ob = 61062 is pre-Lie. 

Remark 2.15 The referee suggested the following extension of Proposition [ 2.1 A Consider the 
data {A,i',a,S), where A is an associative algebra, i/,a : A ^ A are algebra automorphisms and 
6 : A ^ A^ A is an A-bimodule map, where the A-bimodule structure of A® A is now twisted 
by V and a, that is 


(6 0 c) • d = u[a)b 0 ca(d), \/ a,b,c,d G A. 


By using the same Sweedler-type notation for 6 , namely 5 {a) = oi 0 02, define the linear map 
T -. A® A ^ A® A, T{a®b) = v~^{bi)a®a~^{b2). ThenT satisfies the relations Il 2 . 12 f) - \ 2 . 14 \ l, 
hence it is also a weak pseudotwistor with weak companion T = T12 o T23 = ri3 o T12, and the 
new multiplication defined on A by a* b = (61 )acr“^(62) is associative. 


Proposition 2.16 Let (C,0) be a strict monoidal category and {A, fj.) an algebra inC. Assume 
that T and D are two weak pseudotwistors for A, with weak companions T and respectively T>, 
such that the following conditions are satisfied: 

D o {idA 0 (/i o T o D)) = (idyl 0 {/a o T)) o V, (2-15) 

D o ((/i o T o H) 0 idyl) = {{p o r) 0 idyi) o V. (2-16) 

Then T o D is a weak pseudotwistor for A, with weak companion T oT>. 
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Proof. We compute: 


T o D o {idj\ (8) o T o D)) 


T o{idA®{poT))oV 
{id A ® p) oT oV, 


T o D o {{fj, oT o D) ^ Ma) 


T o ((^ o T) (8) idA) ° P 

1221 / . , , ^ _ 

= (/i (8) idA) oT oV, 


finishing the proof. 


□ 


Corollary 2.17 Let (C,®) he a strict monoidal category and {A, fj,) an algebra in C. Assume 
that T and D are two weak pseudotwistors for A, with weak companions T and respectively V, 
such that the following conditions are satisfied: 


pLoToD = pLoDoT, 

(2.17) 

V o {idA ST) = {idA ST) oV, 

(2.18) 

V o {T S idA) = {T S idA) ° D. 

(2.19) 


Then T o D is a weak pseudotwistor for A, with weak companion T oP. 


Proof. We check (12.15^ . while (I2.16h is similar and left to the reader: 


Do{idA0{iaoToD)) 

lO 


D o {idA ® {iro D o T)) 

D o {idA 0 {fJ- o D)) o {idA <S) T) 

{idA (8> /i) o D o {idA <S) T) 

{idA <8) A^) o {idA ®T) oV 
{idA 'Si {po T)) o V, 


finishing the proof. 


□ 


Let H he a. bialgebra over a field k as in Example 12.Ill a (respectively r) a left (respectively 
right) 2-cocycle on H and T and D the weak pseudotwistors defined in Example 12.111 The 
multiplication defined on H by 


a*b = a{ai,bi)a 2 b 2 T{a 3 ,b 3 ), ^ a,b e H, (2.20) 

is associative. We can obtain this as consequence of Corollary 12.171 It is obvious that T o D = 
D oT, so (|2.17p is satisfied. It is easy to see that (12.181) and (I2.19h are satisfied too, so T o is 
a weak pseudotwistor and clearly pLoT o D \s exactly the multiplication * defined by (j2.20p . 

We present now another application of Proposition 12.161 eeneralizinEf Remark 4.11 in m- 

Proposition 2.18 Let {C,S) be a strict monoidal category, {A, n) an algebra inC,T : AsA — >■ 
As A a weak pseudotwistor with weak companion T and Dx,y : X SY ^ X SY a family of 
natural morphisms in C satisfying 112.3\) . Then T o Da,a is a weak pseudotwistor for A. 






























Proof. The naturality of Dx,y implies: 

Da,A o (idA <8> (/i o T)) = {id-A ® (/i o T)) o Da,a®a, 

Da,A o ((^ oT)® idA) = ((^ o T) 0 idA) o Da®a,a- 

By composing on the right with idA ® Da,A and respectively Da,a ® idA we obtain: 

Da,A o (idA ®ifJ.oTo Da,a)) = (idA T)) o Da,a®a o {idA ® Da,a), 

Da,a o{{fj,oTo Da,a) ® idA) = ((m o T) 0 zdA) o Da<S)A,a o (Da,a <2) i^A). 

The weak companion of Da,a is D = Da,a®A ° {idA ® Da,a) = Da®a,A ° {Da,A ® idA), so we 
obtained (j2.15p and ()2.16p . □ 


Let {C, ®) be a strict monoidal category, {A, fi) an algebra in C and T A®A^A®Aa. 
weak pseudotwistor. In view of Example 12.111 we may think of T as some sort of 2-cocycle for 
A. We will see that we can define as well some sort of 2-coboundaries. 


Proposition 2.19 Let (C,0) he a strict monoidal category and {A,^) an algebra inC. Assume 
that we are given a triple (/, F, F), where f : A ^ A, F : A® A ^ A® A and F A® A® A ^ 
A® A® A are morphisms in C satisfying the following conditions: 


F o {idA ® p) = {idA ® p) o F, 

(2.21) 

F o {p® Ma) = {p® idA) ° F, 

(2.22) 

f opoF = p. 

(2.23) 


Then the morphism D: A®A^A® A, D = Fo{f®f) is a weak pseudotwistor with weak 
companion V: A®A®A^A®A® A, V = F o {f ® f ® f). We denote d{f, F) = D and call 
such a weak pseudotwistor 2-coboundary for A. Moreover, f is an algebra homomorphism from 
A^DF) to so in particular if f is invertible then A^DF) ^ isomorphic as algebras. 

Proof. We check (|2.ip for D and D, while (12.21) is similar and left to the reader: 


D o {idA ® fJ-) o {idA ® D) = F o {f ® f) o {idA ® fi) o {idA ® F) o {idA ® ® /) 

= F o {f ® Ma) o {idA ® f) o {idA ® la) o {idA ® F) 

o{idA ® f ® f) 

= F o {f ® Ma) o {idA ® f o fi o F) o {idA ® ® /) 

F o {f ® Ma) o {idA ® fJ.) o {idA 'S> f ® f) 

F o {idA ® la) o {f ® Ma ® Ma) o {Ma ® f ® f) 

{idA h) ° D o {f ® f ® f) = {idA ® p) oV. 

The fact that / is an algebra homomorphism A^DF) ^ follows immediately from (12.231) . □ 






Example 2.20 Let {C,®) be a strict monoidal category and Rx : X ^ X a family of natural 
isomorphisms in C. If {A,p) is an algebra in C, then f := Ra, F := R~^a ^ •“ -^A^A^A 
satisfy the hypotheses of Proposition [2A^ Indeed, the naturality of R implies RA®A°{idA® p) = 
{idA ® p)o Ra®a®a, which is Ii2.21\} . Ra®a o{p® Ma) = {p® Ma) o Ra®a®a, which is ^2.22\) . 
and Ra o p = po Ra®a, which is \2.2I\) . 


Another example will be given in the next section. 
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3 Rota-Baxter type operators 


We recall (see for instance the recent snrvey and references therein) the concept of Rota- 
Baxter operator. Let {A, fi) be an associative algebra over a field k and X £ k a fixed element. 
A linear map R : A —)■ A is called a Rota-Baxter operator of weight A if it satisfies the relation 

R{a)R{b) = R{R{a)b + aR{b) + Xab), M a,h £ A. (3.1) 

If this is the case, the new multiplication on A defined by 

a*\b = R{a)b + aR{h) + Xab, \/ a, b £ A, 

and called the double product, is associative and R is an algebra map from (A, *x) to (A,/i). 

Proposition 3.1 If R : A ^ A is a Rota-Baxter operator of weight X on an algebra {A,p,) as 
above, then the linear map 

T :A0 A—^-A^A, T{a ®b) = R{a) ®h -\- a® R{b) Xa®b, V a, 6 € A, (3.2) 
is a weak pseudotwistor with weak companion T : A®A®A^A®A® A, 


T{a®h®c) = R{a) 0 R(b) ® c-h R{a) ®b® R{c) -|- a (g) R{b) 0 R{c) -I- XR{a) 0b0 c 
X-Xa 0 R{b) 0 c-\- Xa0b0 R{c) -£ X^a 0b 0 c, 


and the new associative product pioT on A coincides with the double product *a. 


Proof. Obviously p.oT coincides with so we only need to prove that T is a weak pseudotwistor. 
We compute, for a,b,c £ A: 


T o {id A <g (/r o T)){a 0b 0 c) 


= T{a 0 R{b)c -|- a (g bR{c) -|- Aa g) be) 

= R{a) 0 R{b)c + a 0 R{R{h)c)-\-Xa 0 R{b)c 
+R{a) 0 hR{c) -|- a (g R{bR{c)) -|- Aa g) bR{c) 

+XR{a) 0bc + Xa0 R{bc) + X^a 0 be 
= R{a) 0 R{b)c Xa0 R{b)c + R{a) 0 bR{c) Xa0 bR{c) 
+XR{a) 0bc-\- }?a 0hc + a0 R{R{h)c + bR{c) -\- Xbc) 

R{a) 0 R{b)c Xa0 R{b)c + R{a) 0 hR{c) -|- Aa g) bR{c) 
-£XR{a) 0bc-£ )?a 0hc-£ a0 R{b)R{c) 

= {id A 0 fj) oT {a 0b 0 c). 


A similar computation shows that: T o {{p. o T) 0 idA){a 0b0 c) = {p0 id a) oT{a0b0 c). □ 


Let A be an associative algebra over a held k and : A ^ A two commuting Rota-Baxter 
operators of weight 0. It was proved in [2] (as a consequence of the fact that, via (3 and 7 , A 
becomes a so-called quadri-algebra) that the new multiplication dehned on A by 

a * b = jl3{a)b/3{a)^{b)^{a)/3{b)a^f3{b), a,b £ A, (3.3) 

is associative. We want to obtain this as a consequence of Corollary 12.171 By Proposition 13.11 
we can consider the weak pseudotwistors T, D : A 0 A ^ A 0 A, 

T{a 0 b) = 7 (a) 0b-\- a0 7 ( 6 ), D{a 0 b) = /3{a) 0b-\- a0 /3{b), 
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with weak companions T and respectively V defined by 

T[a®b®c) = 7 (a) ( 8 ) 7 ( 6 ) ( 8 ) c + 7 (a) 7 (c) + a 0 7 ( 6 ) 0 7 (c), 

'D{a c) = /3(a) 0 /3(6) 0 c + /3(o) 0 60 /3(c) + a 0 /3(6) 0 /3(c). 

Since 7 and /3 commute, it is obvious that T o D = D o T, so (j2.17p is satisfied. An easy 

computation shows that (|2.18D and (|2.19D are also satisfied, so T o ID is a weak pseudotwistor 
and obviously fioT o D is exactly the multiplication (13.3p . 

Example 3.2 Let A be an associative algebra over a field k and R : A ^ A a bijective Rota- 
Baxter operator of weight X, with inverse R~^. Then the linear maps f := R, F : A^A —>■ A^A, 
F{a 0 b) = R~^{b) + R~^{a) 0 6 + XR~^{a) 0 R~^{b), and F : A®A®A^A®A®A, 

F{a iSi b 0 c) = R~^{a) 0 6 0 c + a 0 R~^{b) 0 c + a 0 6 0 R~^{c) + Aa 0 R~^{b) 0 R~^{c) + 

XR~^{a)®b®R~^{c) + XR~^{a)®R~^{b)®c+\^R~^{a)®R~^{b)®R~^{c), satisfy the hypotheses 
of Provosition fl/TPi as one can easily check, and the weak pseudotwistor d{f, F) (notation as in 
Proposition 1 2.1 .9|) is the one defined by /f.'/.HI) . 

Remark 3.3 Bijective Rota-Baxter operators exist. For example, if A is an associative algebra 
over a field k and A E /c, A 7 ^ 0, then the (bijective) linear map R : A ^ A, R{a) = —Aa, for all 
a € A, is a Rota-Baxter operator of weight X, cf. m- 

Definition 3.4 Let A he an associative algebra over a field k and a, j3 : A ^ A two linear 
maps. A linear map R : A ^ A will be called an {a, /3)-Rota-Baxter operator if the following 
conditions are satisfied, for all a,b £ A: 

a{R{a)R{b)) = a{R{a))a{R{b)), 

/3(R(a)R(6)) = /3(R(a))/3(R(6)), 

R{a)R{b) = R{a{R{a))b + a/3{R{b))). 

Obviously, an (id^, i(i^)-Rota-Baxter operator is just a Rota-Baxter operator of weight 0. A 
nontrivial example (which actually inspired this concept) may be found in [10]: A is the algebra 
of continuous functions on M with values in some unital algebra B, q is a number with 0 < g < 1, 
a = idA, /3 = Mg is the ( 7 -dilation operator and R = Ig is the Jackson ( 7 -integral. Then formula 
(20) in [To] says exactly that R is an {a, /3)-Rota-Baxter operator. 

Proposition 3.5 If R is an (a, /3)-Rota-Baxter operator as above, then the linear map 

T :A 0 A—>-A 0 A, T(a 0 6 ) = a{R{a)) 0 6 + a 0 /3(R(6)), a,b £ A, 

is a weak pseudotwistor with weak companion T :A 0 A 0 A—)>A 0 A 0 A, 

T{a®h® c) = a{R{a)) 0 a{R{h)) 0 c + a{R{a)) 0 6 0 f3{R{c)) + a 0 /3(R(6)) 0 j3{R{c)). 

Consequently, the new multiplication defined on A by the formula a* b = a{R{a))b + aj3{R{b)), 
for all a,b £ A, is associative. 

Proof. Follows by a direct computation. □ 
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Example 3.6 Let A be an associative algebra over a field k and R : A ^ A a so-called Reynolds 
operator (see for instance J2^). that is R satisfies the following condition: 


R{a)R{b) = R{R{a)b + aR(b) - R{a)R{b)), M a,b ^ A. 

If one defines a new multiplication on A, by 

a*b = R{a)b + aR{b) — R{a)R{b), \/ a,b £ A, 

then (for instance as a consequence of the theory developped in /gl]/) * is associative. 

If we define the linear map 

T : A 0 A ^ A (S' A, T{a 0 6 ) = R{a) 0 6 + a 0 R{b) — R{a) 0 R{b), y a,b £ A, 

then one can check, by a direct computation, that T is a weak pseudotwistor, with weak companion 
T : A®A®A^A®A® A, T{a®h®c) = R{a) 0 R{h) 0 c + R{a) 0 6 0 R{c) + a 0 R{h) 0 
R{c) — 2R{a) 0 R{h) 0 R{c), and the resulting associative multiplication fioT coincides with *. 

We recall from m that, if {A, fj.) is an associative unital algebra with unit 1a over a field k, 
a linear map P : A ^ A is called a TD-operator if 

P{a)P{b)=P{P{a)b + aP{h)-aP{lA)b), V a,b £ A. (3.4) 

If this is the case, the new multiplication defined on A by a * 6 = P{a)b + aP{b) — aP{lA)b, for 
all a,b £ A, is associative. 

Proposition 3.7 If P : A ^ A is a TD-operator, then the linear map T : A® A ^ Adh A, 
T{a ®b) = P{a) 0 6 + a 0 P{h) — aP(lyi) 0 b, for all a, b £ A, is a weak pseudotwistor with weak 
companion T :yl 0 ^ 0 yl—)-^ 0 yl 0 ^, T(a 060 c) = P{a) 0 P{b) 0 c + P(a) 0 60 P(c) + a 0 
P( 6 ) 0 P(c) + aP(lA) 06P(1a) 0 c — aP(lA) 0 P( 6 ) 0 c — oP(1a) 0 60 P(c) — P(a) 06P(1a) 0 c, 
and the associative multiplications * and poT coincide. 

Proof. A straightforward computation, by using also the identity P{lA)P{a) = P{a)P{lA), for 
all a € A, which follows immediately from (|3.4p . □ 

We recall from [18] that, if {A, p) is an associative algebra over a field k, a right (respectively 
left) Baxter operator on A is a linear map P : A ^ A (respectively Q : A —>■ A) such that 
P{a)P{b) = P{P{a)b) (respectively Q{a)Q{b) = Q{aQ{b)), for all a,b £ A. If moreover P and Q 
commute, then, by |18] . Theorem 2.10, the new multiplication defined on A by a *6 = P{a)Q{b), 
for all a,b £ A, is associative. By a straightforward computation, one proves the following result: 

Proposition 3.8 The linear map T :A 0 A—)-A 0 A, T = P ® Q, is a weak pseudotwistor, 
with weak companion T :A 0 A 0 A—>'A 0 A 0 A, T = P®PoQ^Q, and the associative 
multiplications * and poT coincide. 

4 An equivalence relation 

Remark 4.1 Let (C,0) he a strict monoidal category and A an algebra in C. Then T = idA^A 
is a weak pseudotwistor for A, with weak companion T = idA®A®A, o.nd A^ = A. 
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Proposition 4.2 Let (C,®) be a strict monoidal category and {A, g,) an algebra in C. Let 
T ■. A®A^A®A be a weak pseudotwistor for A with weak companion T and D : A"^ ® 
A"^ —>■ A'^ ® a weak pseudotwistor for with weak companion T>. Then T o D is a weak 
pseudotwistor for A with weak companion T oV, and (A^)^ = A^°^. 


Proof. We prove m, while (I2.2jl is similar and left to the reader: 


T o D o {idA ® (/X o T o D)) 




T o {D o {idA ® {{h o T) o D))) 
T o {idA ® (/U o T)) o V 
{idA ® /x) o T oV. 


The fact that {A’")^ = A^°^ is obvious. 


□ 


Proposition 4.3 Let {C, ®) be a strict monoidal category, {A, /x) an algebra in C and T ■. A® 
A —>■ A® A a weak pseudotwistor for A with weak companion T, such that T and T are invertible. 
Then T~^ is a weak pseudotwistor for A^ with weak companion , and {A^)"^ = A. 

Proof. We prove (j2.1jl and leave (j2.2h to the reader. We need to prove that 

T~^ o {idA ® {{t oT) o T~^)) = {idA ® {h° T)) o T~^. 

This is obviously equivalent to 


T o {idA ® (/X o T)) = {idA ® p) oT. 

The fact that {A'^)'^ ^ = A is obvious. □ 

Proposition 4.4 Let {C,®) be a strict monoidal category, {A, pa) o.nd {B,pb) two algebras in 
C, f : A ^ B an algebra isomorphism and T ■. A® A ^ A® A a weak pseudotwistor for A with 
weak companion T. Then D := {f ® f) o T o {f~^ ® f~^) is a weak pseudotwistor for B with 
weak companion V := {f ® f ® f) oT o {f~^ ® f~^ ® f~^), and f is also an algebra isomorphism 
from A^ to B^. 


Proof. We prove (j2.1jl for D and leave (I2.2jl to the reader: 


D o {ids ® {pB ° D)) 


= D o {ids ® {pB o {f f) o T o {f~^ ® f~^))) 

= D o {idB ® {f o PA o T o {f-^ ® f-^))) 

= (/ ® /) o T o (/-i ® /-i) o {idB ®{fop,AoTo (/-i ® f~^))) 

= {f ® f)°To {{f~^ o idB) ® (/"^ o / o /XA o T o (/-l ® f~^))) 

= {f ^ f) oT o {f-^ ® {ijaoT o {f-^ ® f-^))) 

= {f^f)°To {{idA o f~^) ®{pAoTo {f-^ ® f~^))) 

= (/ ® /) o T o {idA ® {pA o T)) o {f-^ ® f-^ ® f-^) 

^ {f ® f)°{idA® Pa)oT o{f-^ ® f-^ ® f-^) 

= ((/ o idA) ® (/ o pa)) o T o (/“^ ® f-^ ® f-^) 

= {f ^ {PB o {f ^ f))) oTo {f-^ ® f-^ ® f-^) 

= {{idB o /) ® {pB o (/ ® /))) o To (/"^ ® f-^ ® f-^) 
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= {ids® ® f ® f)oT o{f 

= {ids ® fJ'B) q.e.d. 

The fact that f is an algebra morphism from to follows from the fact that / o o T = 
o if ® f) oT = fiB o D o {f ^ f). □ 

Definition 4.5 Let (C,®) be a strict monoidal category and {A, ha), {B,fiB) two algebras in 
C. We will say that A and B are twist equivalent, and write A =t B, if there exists an invert¬ 
ible weak pseudotwistor T for A, with invertible weak companion T, such that A^ and B are 
isomorphic as algebras. 

Remark 4.6 In view of Remark \2.4[ we have A =t B if and only if there exists an invertible 
pseudotwistor T for A, with invertible companions Ti andT 2 , such that A?" and B are isomorphic 
as algebras, if and only if there exists an invertible R-matrix T for A, with invertible companions 
Ti and T 2 , such that and B are isomorphic as algebras. 

Obviously, two isomorphic algebras are twist equivalent. 

As a consequence of the above results, we obtain: 

Proposition 4.7 =t is an equivalence relation. 

Example 4.8 In the setting of Example \2A^ if a (respectively t) is a convolution invertible 
left (respectively right) 2-cocycle, then o-R H and Hr =t H. 

Example 4.9 Let [A, ha) O'nd {B, hb) be two associative algebras over afield k and R : B®A -A 
A® B a twisting map, with Sweedler-type notation R(h ® a) = or ® bR, for a ^ A, b £ B. We 
can consider the twisted tensor product A®rB (cf. fE^), which is the associative algebra 
structure on the linear space A® B given by the multiplication (a 0 b){a' ® h') = aa'^ ® IrR , for 
a, a' £ A, b,b' £ B. Define the linear map 

T : [A® B) ® (A® B) ^ {A® B) ® (A® B), 

T{{a ®b) ® {a' ® b')) = {a® Ir) ® {o'r ® b'). 

By /TP) /. T is a so-called twistor for the associative algebra A® B, in particular it is a weak 
pseudotwistor with weak companion 

T : {A® B) ® {A® B) ® (A® B) ^ {A® B) ® {A® B) ® {A® B), 

T{{a ®b)® [a ® b') ® {a" ® b”)) = {a® {bR)n) ® {aR ® !() ® {{a”)n ® b”), 

where r and IZ are two more copies of R; moreover, we have that A ®r B = {A® B)^. 

Assume now that R is a bijective map. Then obviously T and T are also bijective, hence 
A®rB =t A® B. 

Note added. We used the term ”Rota-Baxter type operator” in an informal way, to desig¬ 
nate an operator that is ’’similar” to a Rota-Baxter operator. Professor Li Guo kindly draw out 
attention to the paper [12] , where this term was introduced as a rigorous concept and moreover 
a conjectural list of possible Rota-Baxter type operators was proposed. 
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